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ABSTRACT 
The problem of formulating a thermodynamically-consistent finite internal partition function 
(IPF) in nonideal hydrogen plasma systems is investigated and analyzed within the chemical 
picture revealing inaccuracies and inconsistencies buried in widely used formulations in the 
literature. The analysis carried out here, though performed for the simplest case of pure nonideal 
hydrogen plasma, it shows all specific features of the problem and is extendable to the general 
case of a complex multi-component plasma mixture. A criterion for the separability of the 
configurational component of the free energy is presented and an accurate and consistent 
formulation of the problem is introduced. The presented criterion and the introduced consistent 
formulation of the problem clear ambiguities in other formulations in the literature and provide a 
better understanding of the problem. An illustrative example is worked out showing simplicity 
and effectiveness of the proposed consistent formulation and the importance of terms, essential 
for thermodynamic consistency, which are commonly neglected by other authors in the literature. 
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I- INTRODUCTION 
In the chemical picture of plasmas, both of composite particles, nuclei and free electrons 
are treated as elementary members of the thermodynamic ensemble. At a fixed volume and 
constant temperature, a physical system of particle numbers {N} can be statistically described by 
the canonical partition function or by its associated thermodynamic potential,  the Helmholtz free 
energy function F. The condition of thermodynamic equilibrium requires that the free energy 
must be a minimum and the equilibrium state is determined, therefore, by minimizing the free 
energy with respect to the occupation numbers {N}, subjected to the stoichiometric constraints of 
electroneutrality and conservation of nuclei. The free energy minimization technique is known to 
assure thermodynamic consistency among the particle occupation numbers and thermodynamic 
properties derived from the derivatives of the same free energy function as demonstrated in Ref. 
[1]. In addition, the technique is shown to be versatile and efficient in studying interacting 
plasma systems and might probably be the most widespread-technique used in the literature for 
the calculation of the equation-of-state, thermodynamic properties and radiative characteristics of 
laboratory and space plasmas (see for example Refs. [1-5]). High density effects and interactions 
among different species in the system cause a departure from the ideal behavior which is usually 
taken into account in terms of a modified free energy function. The factorizability of the 
translational, configurational and internal components of the total many-body partition function 
and its equivalent separability of the corresponding components of the associated Helmholtz free 
energy function have been assumed by many authors in the literature (see for example Hummer 
and Mihalas (HM) in Ref. [2] and Potekhin in Ref. [5]) such that  
intconftransk FFFT)V,},({NF ++=                                                                                   (1) 
where V is the volume of the system, T is the absolute temperature and {N} refers to the 
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occupation numbers of different plasma species. The terms Ftrans, Fconf and Fint in Eq. (1) refer to 
the total translational, configurational and internal components of the free energy, respectively.  
Various approaches used for the minimization of the free energy function (see for 
example Refs. [1-7]) would require, however, a thermodynamically-consistent scheme for 
establishing finite internal partition functions IPFs for composite particles. The use of the 
temperature-dependent Planck-Larkin partition function (PLPF), for nonideal plasma systems 
has been critically criticized by Rouse in Ref. [8] who argued that the use of PLPF for nonideal 
plasma systems suffers major physical problems. In a response to Rouse’s criticism, Ebeling et al 
in Ref. [9] recommended, for quantum statistical Coulomb system with bound states,  the use of 
the discrete energy states of the Bethe-Salpeter equation (BSE) in the PLPF in for the later to 
become temperature-and density-dependent. Following to Ebeling et al response to Rouse’s 
criticism, Rogers in Ref. [10] and Däppen et al (see, for example Refs [11, 12]) stressed that 
despite its name the PLPF is not a true partition function but merely an auxiliary term in a virial 
coefficient. Accordingly, the present analysis and discussion will be concerned with formulations 
of the partition functions which are both temperature and density-dependent. It has to be recalled, 
however, that the approach used for establishing finite IPFs should properly imitate the 
mechanism by which bound states are swept to the “continuum” causing the converging and 
finiteness of the IPFs.  
 
II- THE OCCUPATIONAL PROBABILITY FORMALISM 
The central problem of thermodynamic equilibrium at high density, within the chemical 
model, lies in the consistent determination of the density and temperature dependence of the 
scheme used to formulate finite internal partition functions of the ensemble of bound states. The 
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abrupt cutoff or abrupt truncation of the internal partition function at some maximum state-
dependent number of bound states (or energy levels) (see for example [13-17]) in order to 
account for finite-density effects, though can stand on some physical considerations, is known to 
suddenly switch a state from being “bound” to “free”. This abrupt disappearance of the bound 
state into the continuum turns the IPF into a nonanalytical function of its variables and produces 
undesirable discontinuities and singularities in the free energy and its derivatives in the 
expressions of the thermodynamic functions. The situation gets even worse with ad hoc cutoff 
schemes in which the partition function is truncated just after the ground level (see, for example 
Ref. [18]) or when the atomic states are grouped into a few virtual levels and the calculation of 
the partition function considering these virtual levels to follow Boltzmann distribution as 
recently suggested in Ref. [19].    
One of the widely used ways to treat these inconsistencies and to establish a finite 
internal partition function IPF in the nonideal plasma environment while avoiding these 
discontinuities consists in using the occupation probabilities. They were used by many authors, 
starting with Fermi in 1924 (Ref. [20]), but have become most popular in the calculation of 
equation of state, thermodynamic properties and radiative characteristics of laboratory and 
astroplasmas after the papers by Hummer, Mihalas and Däppen (see for example, Refs. [2,3]).  
The approach of the occupation probability formalism is extensively adopted and used in the 
literature (see for example Refs. [5,21-25]). 
In the occupation probability formalism, weights are assigned to all bound states of all 
composite species in the system. The internal partition function of the ion z can therefore be 
written as  
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where V is the volume of the system, KB is the Boltzmann constant, Nz,k, gz,k and cz,k  represent 
the occupation number, the statistical weight and the unperturbed binding energy of the kth 
quantum state of the ion z, respectively. The state-dependent occupational probability 
wz,k({Nz,k},V,T)= gz,k ωz,k({Nz,k},V,T) of  the kth quantum state is presumed to decrease 
continuously and monotonically as the strength of the relevant interactions increases in order to 
produce a physically reasonable continuous transition between bound and free states. A natural 
and smooth truncation of the internal partition function would also require that the occupational 
probability wz,k({Nz,k},V,T) or equivalently the weight ωz,k({Nz,k},V,T) to fall strongly to zero as 
the binding energy of a level below the unperturbed continuum goes to zero.       
It has to be noted however that, as shown by Fermi in Ref. [18] and stressed by HM in 
Ref. [2] and Potekhin in Ref. [5], the introduction of an occupational probability wz,k({Nz,k},V,T) 
necessitates a modification of the free energy such that wz,k({Nz,k},V,T) becomes consistent with 
and can be derived from the adopted form of the configurational component of the free energy, 
Fconf. A common factor among HM and Potekhin’s formulations is the assumed separability of 
the configurational component of the free energy and the assumed possibility of deriving 
corresponding occupational probabilities, wz,k({Nz,k},V,T), that depend on the occupation 
numbers of the individual excited states, for any form of the configurational component of the 
free energy; a hypothesis that will be strongly questioned in the present study.  
Considering the simplest case of a single species perfect gas of neutral particles 
(ionization processes and charged particles are not taken into account) HM in Ref. [2] assumed a 
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separable term f =Fconf to represent the configurational component of the free energy that is 
supposed to depend explicitly on the occupation numbers {Nk} of the individual excited states. 
Implementing equilibrium between excitation/de-excitation processes they derived for the 
occupational probability the form 



 ∂∂−≡=
TK
Nfexpgw
B
k
kkk ω                                                                                                      (3) 
However, upon using the form (3) for wk and substituting back into the free energy function they 
recovered a residual term    


 ∂∂− ∑
k
kk )Nf(Nf                                                                                                                 (4) 
which contradicts the assumed separability of the configurational component of the free energy 
in the case of using an occupational probability in the form (3). Reusing the new term in Eq. (4) 
will, in general and except for the special case in which f is linear in {Nk}, lead to a different 
form for  wk that depends on higher order derivatives of f with respect to {Nk} and so on. 
Hummer and Mihalas had to assume linear dependence or astute linearization of the interaction 
term on {Nk} and they made every possible approximation in an attempt to satisfy such a linear 
dependence even with the inclusion of ionization and the involvement of the long range 
Coulomb forces among the charged particles. Such a difficult-to-justify linearity of f with respect 
to {Nk} was never fully satisfied even for the simplest way to treat interactions among neutral 
particles, using the hard sphere model, in which a definite radius is assigned to each particle 
species. As stated in their paper, the HM linearization leads to an unavoidable double counting 
with an exponent of the occupation probability smaller by a factor of 2. It has also to be noted 
that the use of wk as given by HM in conjunction with unperturbed energy levels in the 
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calculation of HM partition functions does not formally ensure convergence or even reasonable 
convergence of the IPF . 
 In a following work, Potekhin in Ref. [5] made an attempt to modify or extend the 
occupational probability formalism for solving the ionization equilibrium problem. Considering 
the case of hydrogen plasma including charged particles (i.e; taking ionization processes into 
consideration) and assuming the separability of the configurational component of free energy, 
Potekhin derived a form for the occupational probability that takes the form 
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where Np, Ne, and Nk are the occupation numbers of protons, electrons and hydrogen atoms at 
quantum state k, respectively.  Eq. (5), which reduces to Eq. (4) in the absence of charged 
particles, was introduced as a form of the occupational probability that is thought to be consistent 
with, and can be derived from, any proposed form of separable configurational component of the 
free energy function. A restriction of linear-dependence of Fconf on {Nk}, similar to what has been 
affirmed by HM, has never been stated or declared by Potekhin and the formulation (5) was 
confusingly introduced as a “general” or restriction-free formulation. 
In the present paper, we explain that the use of a separable configurational component of 
the free energy, leading to a form of wk similar to those derived by HM or Potekhin, is strictly 
conditional for very limited situations of little or no practical importance and usefulness. 
Besides, we introduce the criterion or the required condition for such separability in case of using 
a state-dependent partition function for occupational probability formalisms similar to those by 
HM and Potekhin. In addition, an accurate, formal solution of the problem is introduced in terms 
of the solution of the inverse problem in which an occupational probability (or a scheme to 
 8
establish finite IPFs) can be assumed in advance enabling the solution for the occupation 
numbers of particle species; the corresponding set of modified and consistent thermodynamic 
functions are derived and presented. Needless to say that the adopted or developed model for the 
occupational probability (or the scheme used to establish finite IPFs) is supposed to rely on the 
physics of the particle interactions ensuring the convergence or finiteness of the internal partition 
function.  
Values of the corrected or modified free energy of the system, if needed, can be found 
using the computed occupation numbers either analytically or numerically depending on the 
adopted form of the occupational probability (or the scheme used to establish finite IPF). 
 
 III- INCONSISTENCIES IN POTEKHIN’S FREE ENERGY FORMULATION  
Our interest in this section is to point out and to explain the inaccuracy/inconsistency in 
Potekhin’s formulation. To identify the inaccuracy/inconsistency buried in Potekhin’s 
formulation, we consider a system of pure hydrogen in a temperature range where a considerable 
fraction of atoms can exist in excited states and the convergence of the IPF becomes crucial. 
Adopting the same assumption of fully dissociated molecules, as in Potekhin’s work, the plasma 
system is essentially composed of electrons, protons and hydrogen atoms. The free energy 
models of these components are discussed below. 
 
A- Electron’s free energy and degeneracy 
At high densities, the degeneracy of free electrons has to be taken into account, while 
protons and neutral hydrogen atoms remain classical because of their relatively heavy masses. 
The free energy of electrons can therefore be written as 
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where Ne is the occupation number of electrons and TKm2h Bee πλ = is the electron’s 
thermal de Broglie wavelength. The term dgceF∆ refers to the quantum or degeneracy correction to 
the classical free energy which can be formally written as 
 ( )clcedgcedgce FFF −=∆                                                                                                                  (7) 
where the classical free energy for electrons, clceF , is given by the first term in the r.h.s. of Eq. 
(6). Potekhin used for the term dgceF∆ , the approximate expression  
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However, the rigorous expression for dgceF∆ can be expressed as in Ref. [2,3,26,27] 
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In Eq. (8’) Pe and µe represent the pressure and chemical potential of the ideal Fermi electron 
gas, respectively, and Iν is the complete Fermi-Dirac integral of the order n, 
∫∞ +−+= 0 dy1)xyexp(
y
)1(
1)x(I
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ν νΓ                                   (9) 
where G is the gamma function. The electron chemical potential µe is related to the number of 
free electrons in the system by  
( ) )TK(IV2N Be2/13ee µλ=                                           (10) 
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Now, and for future use, one can express the partial derivative of the correction 
dgc
eF∆ with respect to electrons’ occupation number from Potekhin’s approximate expression and 
from the above rigorous expression (Eq. (8’)) as    
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where 1I −ν is the inverse Fermi-Dirac integral of the order n. Therefore the partial derivative of 
the electron’s free energy with respect to Ne can be written as  
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B- Protons’ free energy  
Since protons have no bound electrons, the internal partition function of the proton is 
unity and the total free energy of the protons is effectively their translational free energy where  
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where TKm2h Bpp πλ =  is the proton’s thermal de Broglie wavelength. Similarly, one can 
use Eq. (13) to find the partial derivative of the protons’ free energy with respect to the protons’ 
occupation number where 
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C- Free energy for neutral hydrogen  
Now, we turn our attention to the free energy of neutral hydrogen atoms which have both 
translational as well as internal free energies. From first principles one can write for the total 
(translational and internal) free energies of neutral hydrogen atoms the expression (see for 
example Ref. [28]) 
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In the above equation, use has been made of the factorizability of the total partition function of 
the hydrogen atom, Qtot,H, as in Potekhin’s work, where Qtot,H is given by the product of the 
translational partition function, Qtrans,H, and the internal partition function, Qint,H, that is; 
Hint,
3
HHint,H,transHtot, QVQQQ
−== λ                                                                                             (16) 
where TKm2h BHH πλ = is the thermal de Broglie wavelength of neutral hydrogen atoms. 
So far no assumption was made about Hint,Q . For the case of ideal plasma, the Maxwellian 
distribution can be used where 
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TK/
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and the partition function or the normalization constant Hint,Q is given by 
TK/
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with ck representing the unperturbed binding energy of the kth quantum state.  
Since const.,NN
k
kH == ∑ and the quantity Hint,H Q/N is the same for all excited species k, then 
substituting from (17) into (15) gives 
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However, if one considers the case of nonideal plasma, the Boltzmann distribution may be 
replaced by any real distribution of the form 
ω
χω ,Hint,TK/kkHk Q/egNN Bk=                                                                                                (17’) 
where ω,Hint,Q  is the corresponding generalized IPF or normalization constant, defined as given 
by Potekhin in Ref. [5]; 
TK/
k
k
k,Hint,
BkegQ χω ω∑=                                                                                                   (18’) 
Substituting from Eq. (17’) and Eq. (18’) into Eq. (15) one gets for the free energy of neutral 
hydrogen atoms in a nonideal plasma environment the expression 
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Recalling that the translational free energy for hydrogen atoms is given by 
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one can subtract the translational free energy for neutral hydrogen atoms (Eq. (20)) from the 
above expressions for the total free energy of the neutral hydrogen for the case of ideal plasma 
(Eq. (19)) and for the case of nonideal plasma (Eq. (19’)) to get for the internal free energy for 
both cases, in order, the following expressions  
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Eq. (21) is the same as Eq. (7) in Potekhin’s paper, however, Eq. (21’) is different as it has the 
factor ωk in the denominator of the argument of the logarithm. Now, substituting from Eq. (17’) 
into Eq. (21’) onr gets 
 
( )ω,Hint,
k
kB
non
Hint, QlnNTKF ∑−=                                                                                                  (22) 
which differs from Eq. (15) in Potekhin’s paper where Potekhin’s expression has an extra 
term, k
k
k lnN ω∑ , in its right hand side. This extra term which has been interpreted as a 
contribution to the ideal-gas part of the entropy due to the correction ωk to the probability that 
the kth state is occupied is clearly incorrect and should not be present in Eq. (15) in Potekhin’s 
paper. A possible source for the erroneous appearance of this term in Eq. (15) in Potekhin’s 
paper could be the substitution from Eq. (17’) into Eq.(21) instead of Eq. (21’) which represents 
an inconsistency in Potekhin’s formulation.                                                    
 Based on the assumed separability of the configurational free energy component, one can 
find the partial derivative of the total free energy of neutral hydrogen atoms with respect to Nk as 
equal to the sum ( kconfk
id
Hint,kH,trans NFNFNF ∂∂+∂∂+∂∂ ). Equivalently using the real 
distribution (Eq. (17’) and Eq. (18’)) instead of the Maxwellian distribution, the partial derivative 
of the total free energy of neutral hydrogen atoms with respect to Nk can be expressed as the sum 
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The minimization of the free energy, therefore, requires 
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At this stage, if one considers the two assumed equivalent cases; the case with the ideal free 
energies plus a separable configurational component and the equivalent case in which the 
nonideal free energies (including ω,Hint,Q ) is used, Eq. (25) for the first case can be written as 
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Upon substitution for the first four terms in the r.h.s. of Eq. (26) from Eq. (23), Eq. (24) , Eq. 
(14)  and Eq. (12), respectively, and using number densities in some places one arrives at 
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Equating the kth term of both sides of (27) gives 
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Performing similar steps except for using the sum ( k
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Hint,kH,trans NFNF ∂∂+∂∂ ) in favor of the 
partial derivative of the free energy of neutral hydrogen-atoms with respect to Nk, leads to 
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Upon using the expressions from Eq. (23), Eq. (24’), Eq. (14) and Eq. (12) for the partial 
derivatives in both sides and using number densities at some places one arrives at 
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Equating the kth term of both sides of (27’) gives 
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and  
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The compact notations 
ωχ∆ Qk  and 
dgc
kχ∆  have been used here as their corresponding terms 
appear in Eq. (28’) as if they were modifications or corrections added to ck, however we deal 
with them here mathematically without any prejudiced physical interpretation at the moment, in 
an effort to avoid controversial argumentations raised in the literature (see for example Refs. 
[2,5]).   
Comparing Eq. (28) and Eq. (28’) one gets 
[ ] [ ] 

 ∂∂−∂∂−∂∂+∂∂−∂∂−∂∂−= ωω ,Hint,epkHconfepk
B
k QlnNNNNFNNNTK
1exp         (31) 
Eq. (31) indicates that Potekhin’s expression for ωk (Eq. (5)) cannot be obtained unless 
0
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NNN epk
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,Hint,
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∂−∂
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

∂
∂−∂
∂−∂
∂ ∑ α
α
χ
α
ω
ω ωα        (32) 
which represents a restriction that has never been declared in Potekhin’s paper and the 
formulation (5) was confusingly introduced as a general result which is not correct. Taking Eq. 
(5) into consideration, it becomes clear that the above restriction is equivalent to requiring the 
interaction term or the configurational component of the free energy to be linear in the 
occupation numbers which is the same restriction imposed on the Hummer-Mihalas formulation. 
That is equivalent to having ωα independent of the occupation numbers of the particle species 
which, in turn, contradicts the required dependence of ωα on the density or occupation numbers. 
The partition function calculated this way will be density-independent, lacks a scheme to 
terminate the sum over states and will be subject to the same criticism raised against the density-
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independent partition functions. Yet, a model for Fconf that satisfies this restriction cannot be 
easily accepted or justified, particularly with the inclusion of the long range Coulomb forces 
among charged particles. 
   
IV– A CONSISTENT FORMULATION AND THE SOLUTION OF THE INVERSE 
PROBLEM  
 
Equation (31) represents an identity that is valid for occupational probability formalism of the 
form (2) and any associated proposed form of a separable configurational component of the free 
energy (to be added to the ideal free energy). This identity can be simplified to the form  
Q
k
Q
kkBconf
epk
lnTKF
NNN
χ∆χ∆ω ω =+−=



∂
∂−∂
∂−∂
∂                                                         (33) 
Before going deeper into the analysis, it is helpful to recognize that if ωk is known 
(henceforth we refer to this case as the inverse problem) one can easily calculate the occupation 
numbers by solving the set of Eqs. (28’) supplemented by the stoichiometric constraints. The 
remaining part, however, is to find the corresponding modifications to the thermodynamic 
properties to complete the self-consistent formulation of the problem. On the other hand, if 
confF is known (henceforth we refer to this case as the forward problem), obtaining the 
modifications to the thermodynamic properties can be straightforwardly performed through 
evaluating the partial derivatives of confF . However, obtaining ωk consistently in this case and 
consequently the calculation of the occupation numbers does not seem to be a manageable task 
except for the trivial case of density-independent ωk or equivalently the case of linear 
dependence of confF on the occupation numbers.  
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Having such difficulties associated with the general solution of the forward problem, the 
formulation of a complete solution of the inverse problem becomes exceptionally valuable and 
inevitable. It has been stated above that once a scheme to establish finite IPFs is developed in 
advance; it can be incorporated into and used to solve the set of Eqs. (28’) supplemented by the 
stoichiometric constraints to obtain the occupation numbers of all species. In principle, one can 
add to the total free energy a separable interaction term, FC (Coulombic excess free energy) that 
can not be exclusively responsible for the termination of the partition function with non-
perturbed energy levels. This separable term, if any, would lead to correction terms to the 
pressure 
CF
P∆ and the internal energy 
CF
U∆ .  Fortunately, the remaining part of obtaining the 
corresponding corrections to other thermodynamic properties can be achieved straightforwardly 
through evaluating the partial derivatives of the expressions of the free energy components with 
the nonideal internal component where the pressure and the internal energy are given 
respectively by 
 
( ) ω∆∆µΛ QFBpHBe2/33eB
}N{,T
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V
TK)NN(
)TK/(ITK2
V
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
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∂
∂−=         (34) 
and 
( ) ω∆∆χµΛ QF
k
kk
BpH
Be2/3
3
eB
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2
UUN
V2
TK)NN(3
)TK/(IVTK3
T
T/FTU
c
k
++−++=




∂
∂−=
∑
        (35) 
where VFP CFC ∂∂−=∆ , ∑ ∂∂= k kkBQ lnVNTKP ω∆ ω and V)T/F(TU C2FC ∂∂−=∆ and 
∑ ∂∂= k kk2BQ lnTNTKU ω∆ ω . It has to be noted that following Potekhin’s notations, the 
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reference level for the binding energies used above is that of a free electron or the case in which 
the hydrogen atom is ionized. Accordingly, the third term in Eq. (35) represents the 
recombination energy emitted from the system to form the bound states k. The last term in each 
of the equations (34) and (35) is the consequence of the scheme used to terminate the partition 
function.  
The set of Eqs (28’, 34 and 35) along with the constraints of electroneutrality and 
conservation of nuclei together with the scheme used to establish finite bound-state partition 
functions represent the complete set of equations to be used to consistently calculate the 
occupation numbers and thermodynamic properties of the nonideal plasma system under 
consideration.  
Although the above methodology fully solves the inverse problem for any form of ωk one 
may ask for curiosity; Given the form of ωk, is it always possible to represent the occupational 
probability, w=gω, by a corresponding separable configurational term to be added to the ideal 
free energy?  
In the above sections we have seen that this is possible for the case of occupation probability that 
is independent of the occupation numbers with the associated Fconf linear in the occupation 
numbers. That is apparently a trivial case (as far as the truncation of the IPF is concerned) since 
it does not exclusively satisfy the essential drive of having a density-dependent finite IPF.  
Before one tries to answer the above question, it may be illuminating to bring into attention that 
it is not necessary to have a separable configurational term in order to have the scheme used to 
establish finite IPF self-consistently reflected in the modifications of the free energy. As a matter 
of fact the internal structure of a composite particle is generally affected by the surrounding and 
therefore the separation of the configurational component from the internal component of the 
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free energy may not be always possible. In the appendix we analytically answer this question, 
showing the separability criterion and the methodology for deriving Fconf in this case. 
 
V. ILLUSTRATIVE EXAMPLE 
The main thrust of section IV was the introduction of a consistent mathematical formulation of 
the problem of the calculation of thermodynamic properties and the establishment of the finite 
bound state partition function within the chemical picture. As has been shown above, the 
consistent establishment of  finite IPFs in the inverse scheme necessitates the introduction of new 
correction terms to the ionization potentials, ωQk∆χ , plasma pressure, ω∆ QP , and internal energy, 
ω∆ QU  , as consequences of the scheme used, in advance, to terminate the IPF. In this section, an 
illustrative example is worked out to show both simplicity and effectiveness of the proposed 
method in terms of the significance of these corrections on top of being essential for consistency.  
In the present example we use the model for the occupational probability given by Salzmann in 
Ref. [29] where the occupational probability is given by 







−=
3
k,H
H
k exp χ
χ∆ω                                                                                                                  (38) 
where χH,k is the energy of level k measured from the continuum and ∆χH is the lowering of the 
ionization potential of the neutral hydrogen. The above expression shows clearly that ωk goes to 
unity as ∆χH goes to zero which is the case of ideal plasma and that ωk smoothly goes to zero as 
∆χH exceeds (- χH,k) as desired for the termination of the IPF. The lowering of the ionization 
energies has been expressed in the form 
00
2
4
)1(
R
eC πε
ζχ∆ ζ +−=                                                                                                                  (37) 
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where C is a constant, ( ) 3/10 n4/3R π= and n=nH+np is the number density of heavy particles. 
The corresponding Coulomb correction to the free energy (separable part of the configurational 
free energy) can be derived as shown in Ref. [30] to be 
 
00
22
42
max
R
eCnFC πε
ζζ
ζ
ζ∑−=                                                                                                      (38) 
In a more rigorous theory, Eqs. (36)-(38) may be derived based on the same physical model of 
particle interactions.  
Using the above expressions in (36)-(38) one can find all corrections for the pressure and internal 
energies in Eqs. (34) and (35). It is not difficult to show that ωQ,
Q
k ∆U∆χ ω  and are both zeros for 
this particular case. The only consequence of using the occupational probability in Eq. (36) is 
therefore the correction to the pressure ω∆ QP  or the pressure of shell compression. 
Figure 1 shows the individual components of the pressure due to free electrons Pe, Coulombic 
correction
CF
P∆ , shell compression ω∆ QP  and the total pressure of a 20000 K hydrogen plasma 
all normalized to nKBT. The component of the pressure due heavy particles (not shown in the 
figure) is understood to be unity in this case. As expected, the Coulombic correction term 
(separable part of thr configurational free energy) contributes a negative component to the 
pressure which becomes significant at high densities. The component of the free electrons’ 
pressure increases significantly at high densities, as the degree of degeneracy increases, 
preventing the collapse of the plasma in this case. It is a common knowledge that a degenerate 
electron gas has a much higher pressure than that which would be predicted by classical physics. 
This is an entirely quantum mechanical effect due to the fact that identical fermions cannot get 
significantly closer together than a de Broglie wave-length without violating the Pauli exclusion 
principle. As it can be seen from the figure, the shell compression component ω∆ QP  has a non-
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negligible effect and contributing a significant positive component of the computed total 
pressure. This component is however essential for the self-consistency of the set of 
thermodynamic functions along with the calculated occupation numbers. Figure 2 shows the total 
pressure for the same plasma system with and without the shell compression 
component ω∆ QP confirming the quantitative importance of this component as discussed above. 
For completeness we provide in Figures 3 and 4, respectively a set of isotherms of the pressure 
and degree of ionization of hydrogen plasma as functions of the heavy particle number density. 
The effect of using Potekhin’s approximation for electron degeneracy (Eq. 8) on the calculation 
of a 20000 K hydrogen plasma is shown in Fig. (5). Apparently the effect becomes significant at 
high densities where degeneracy becomes very important.    
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Figure 1 Normalized components of free electrons’ pressure, Pe, Coulombic correction term, 
CF
P∆ , and shell compression term, ω∆ QP , along with the total pressure of a 20000 K hydrogen 
plasma as functions of the number density of heavy particles. 
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Figure 2 Normalized total pressure of a 20000 K hydrogen plasma with and without the shell 
compression component, ω∆ QP . 
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Figure 3 Isotherms of normalized total pressure of hydrogen plasma as functions of the heavy 
particle number density. 
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Figure 4 Isotherms of the degree of ionization of hydrogen plasma as functions of the heavy 
particle number density 
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Figure 5 Effect of using Potekhin’s approximation for electron degeneracy (Eq. 8) on the 
calculation of the pressure of a 20000 K hydrogen plasma. 
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VI. SUMMARY AND CONCLUSIONS  
 
The problem of consistent calculation of equilibrium thermodynamic properties and the 
establishment of finite bound-state partition functions in nonideal hydrogen plasma systems is 
investigated within the chemical picture. The present exploration clears ambiguities and gives a 
better understanding of the problem on top of pointing out inaccuracies and inconsistencies 
buried in widely used models in the literature. A fully consistent formulation of the problem in 
terms of the solution of the inverse problem is introduced. The solution can be summarized as 
follows; a) based on physical basics, a scheme for establishing finite bound-state partition 
functions can be developed or adopted in advance, b) the developed or adopted model for the 
establishing of finite bound-state partition functions can be incorporated into the set of Eqs. 
(28’), c) the set of Saha-like equations (28’) supplemented by the constraints of electroneutrality 
and conservation of nuclei can therefore be solved using available algorithms capable of solving 
the problem with relative simplicity and high accuracy, and d) the fundamental thermodynamic 
properties (P and U) can be calculated using Eq. (36) and Eq. (37) while other thermodynamic 
properties, if needed, can be deduced from (P and U) using thermodynamic relations and 
identies. The calculated equation-of-state and thermodynamic properties are fully consistent with 
the population numbers calculated from the solution of Eqs. (28’) ensuring a consistent 
formulation of the problem. An illustrative example is worked out showing simplicity and 
effectiveness of the proposed consistent formulation and the importance of terms, essential for 
thermodynamic consistency, which are commonly neglected by other authors in the literature. 
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Appendix 
A criterion of the separability of the configurational component of the free energy function  
Starting from Eq. (33), one can write  
conf
epk
Q
k FNNN 



∂
∂−∂
∂−∂
∂=χ∆                                                                                              (A-1) 
The assumed separability of the configurational component of the free energy enables one to 
calculate its differential which can be expressed as 
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∂= ∑                                                              (A-2) 
However, considering the constraint of electroneutrality Np=Ne Eqs (A-1) and (A-2) can be 
written as  
p
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Note that we made use of the fact that ( ) 0dNdNdN totpk ==+ . The final result of Eq. (A-2’) 
indicates that Fconf could be considered effectively and exclusively as a function of {Nk} only 
with 
Q
k
k
conf
N
F χ∆=∂
∂
                                                                                                                          (A-3) 
In general, the configurational component of the free energy is a function of V, T, Ne and the 
populations of protons and different exited states of neutral hydrogen atoms. However since V 
and T  are fixed, Ne and Np are fully determined from the excited states’ occupation numbers 
(occupation numbers of neutral species) through electroneutrality and conservation of nuclei, it 
becomes clear that the excited species are the only independent variables in Fconf which is in 
complete agreement with the result of Eq. (A-3).  
Bearing in mind that the separable Fconf must be a single-valued or point function of the 
equilibrium state of the assembly, dFconf must be an exact differential which requires the scheme 
used to establish finite internal partition functions to satisfy the following self-consistency or 
integrability criterion;  
Q
k
Q
k NN αα
χ∆χ∆ ∂
∂=∂
∂                                                                                                      (A-4) 
If the condition (A-4) is satisfied, one can integrate the differential in Eq. (A-2’) to obtain the 
configurational component of the free energy Fconf.  
Having verified that dFconf  is an exact differential one can proceed and integrate it choosing any 
path between the initial values of the variables and their final values. One possible path can be 
constructed through increasing the variables (excited states occupation numbers) in the same 
ratio (see for example [30]). Denoting the fraction of the final densities, which the excited 
particles have at any stage of integration, by λ then we have  
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∫∑= 1
0
Q
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ktotconf d)(NF λλχ∆α                                                                    (A-5) 
where Ntot=NH+Np is the total number of heavy particles, αk=Nk/Ntot is the molar fraction of the 
k-excited species and Fconf (λ=0)=0.  
Another simple alternative path can be taken through sequentially increasing the variables 
(numbers of excited species) from their initial values (corresponding to Fconf =0) to their final 
values. This later path can be mathematically described and articulated as 
∑ ∫
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where )NN(N pHkk +=α and Qkχ∆ is given by. 
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Although the integration in Eq. (A-5) or Eq. (A-6) can be evaluated analytically for some 
cases giving rise to exact closed form expressions for the configurational component of the free 
energy, in several other cases numerical evaluation may become unavoidable.  In all cases, the 
corrections to thermodynamic functions can be derived from the calculated Fconf using standard 
thermodynamic relations, which generally depend on the derivatives of Fconf with respect to the 
independent state variables, namely volume, V, and temperature, T.  
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